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This Week

Example of 2D scalar field problem - Torsion
Higher order triangular elements, area coordinates

2D Elasticity problems — Example and computer implementation
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Recall: Torsion of Circular Shaft

Each cross section rotates as a rigid body
about the longitudinal axis.

AV . . . . . . .
L \ /") Rotation is a linear function of axial
| coordinate.

Plane sections perpendicular to the
longitudinal axis before deformation
remain plane (and perpendicular to the
longitudinal axis) after deformation.




Recall: Torsion of Non-Circular Shaft

The projection of each section the x-y
plane rotates as a rigid body about the
longitudinal axis.

Rotation of the projected section is a
linear function of axial coordinate.

Plane sections may not remain plane
after deformation — warping




Torsion: Displacement Components




Torsion: Displacement Components
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Recall: Stress, Strains, Elasticity etc.
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Recall: Stress, Strains, Elasticity etc.
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Torsion: Stress Formulation (Governing Equation)
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Torsion: Stress Formulation (Governing Equation) 0o
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Torsion: Stress Formulation (Governing Equation)
Recall:
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Torsion: Stress Formulation (Governing Equation)

Define stress function as
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Recall: Poisson's equation V- (kVT) = —f



Torsion: Stress Formulation (Governing Equation)
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Torsion: Boundary value problem
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Recall: Lagrange Simplexes
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Shape Function For 6-Node Triangle

(ta 1) 03 Polynomial approximation
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Shape Function For 6-Node Triangle
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Recall: Shape Function For 3-Node Triangle
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Recall: Shape Function For 3-Node Triangle
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Recall: Shape Function For 3-Node Triangle
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Recall: Shape Function For 3-Node Triangle
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Recall: Shape Function For 3-Node Triangle
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Recall: Shape Function For 3-Node Triangle
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L,, L, and L; are called area coordinates



Area Coordinates




Area Coordinates for 6-Node Triangle




Area Coordinates




Area Coordinates




Area Coordinates

N
N 3
N\
\

2 nodes per side 3 nodes per side 4 nodes per side
(equally spaced) - linear (equally spaced) - quadratic ~ (equally spaced) - cubic
Total number of nodes Total number of nodes Total number of nodes

2+1=3 =3+2+1=6 4+3+2+1=10



Area Coordinates
-3

Higher order triangle with k nodes (equally spaced)
per sides

k-1
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Area Coordinates
-3

Higher order triangle with k nodes (equally spaced)
per sides

(L1 —so)(Ly —s1)(Lg — 83) - (L1 — Sk—2)

¢h1 =

(Sk—1 — S0)(Sk—1 — S1) *** (Sk—1 — Sk—2)



Area Coordinates
-3

Higher order triangle with k nodes (equally spaced)
per sides

fj are the functions of L, L, and L.

fj‘ is the value of f; at node i
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Recall: Interpolation function through area Coordinates
-3

Higher order triangle with k nodes (equally spaced)
- persides

fj are the functions of L, L, and L.

fjl is the value of f; at node i

L,, L, and L; are called area coordinates



Recall:

Interpolation function through area Coordinates
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Recall: Interpolation function through area Coordinates
-3
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Interpolation function through area Coordinates
3
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Interpolation function through area Coordinates
3
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Interpolation function through area Coordinates
3

e e =

¢, =
1 k—2
2
" §1=0
1 N
\\_ \\\\ P
$1=1 Vg =



Interpolation function through area Coordinates: 3-node triangle

\\\\3 3 ’€3=1




Interpolation function through area Coordinates: 6-node triangle




Interpolation function through area Coordinates: 6-node triangle




Interpolation function through area Coordinates: 6-node triangle




Interpolation function through area Coordinates: 6-node triangle




Interpolation function through area Coordinates: 6-node triangle




Interpolation function through area Coordinates: 6-node triangle




Recall: Integration Over Triangular Domain
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Interpolation function through area Coordinates: 6-node triangle




Interpolation function through area Coordinates: 6-node triangle




Interpolation function through area Coordinates: 6-node triangle




Interpolation function through area Coordinates: 6-node triangle




Interpolation function through area Coordinates: 6-node triangle




Interpolation function through area Coordinates: 6-node triangle
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Recall: Plane Elasticity and Element Equation
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Recall: Plane Elasticity and Element Equation
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Recall: Example of Plane Elasticity Problem
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Recall: Example of Plane Elasticity Problem

Y aV3 vy
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Example 2

y Plane Stress E =30x10°
A v = 0.25
¢ i’ TO = 150
/ o
% 7
/
v j >
L VXt = 0.036
10
Elasticity solution
C (neth)L? 3(1+v)
uy(O,l) = 3 1+ IE

= u, (0,1) = —5.019 x 1073
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Recall: Plane Elasticity and Element Equation
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Recall: Isoparametric Formulation
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Recall: Example of Plane Elasticity Problem
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Example 2

y Plane Stress E =30x10°
A v = 0.25
¢ i’ TO = 150
/ o
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L VXt = 0.036
10
Elasticity solution
C (neth)L? 3(1+v)
uy(O,l) = 3 1+ IE

= u, (0,1) = —5.019 x 1073
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