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Recall: Lagrange Simplexes
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௘ݑ ,ݔ ݕ ൌ ܿଵ ൅ ܿଶݔ ൅ ܿଷݕ ൅ ܿସݔଶ ൅ ܿହݕݔ ൅ܿ଺ ଶݕ
Polynomial approximation

Interpolation
ݕ

ݔ

Shape Function For 6-Node Triangle

௘ݑ ,ଵݔ ଵݕ ൌ ܿଵ ൅ ܿଶݔଵ ൅ ܿଷݕଵ ൅ ܿସݔଵଶ ൅ ܿହݔଵݕଵ ൅ܿ଺ ଵଶݕ

,ଵݔ ଵݕ

,ଶݔ ଶݕ

,ଷݔ ଷݕ

௘ݑ ,ଶݔ ଶݕ ൌ ܿଵ ൅ ܿଶݔଶ ൅ ܿଷݕଶ ൅ ܿସݔଶଶ ൅ ܿହݔଶݕଶ ൅ܿ଺ ଶଶݕ

௘ݑ ,ଷݔ ଷݕ ൌ ܿଵ ൅ ܿଶݔଷ ൅ ܿଷݕଷ ൅ ܿସݔଷଶ ൅ ܿହݔଷݕଷ ൅ܿ଺ ଷଶݕ

௘ݑ ,ସݔ ସݕ ൌ ܿଵ ൅ ܿଶݔସ ൅ ܿଷݕସ ൅ ܿସݔସଶ ൅ ܿହݔସݕସ ൅ܿ଺ ସଶݕ

௘ݑ ,ହݔ ହݕ ൌ ܿଵ ൅ ܿଶݔହ ൅ ܿଷݕହ ൅ ܿସݔହଶ ൅ ܿହݔହݕହ ൅ܿ଺ ହଶݕ

௘ݑ ,଺ݔ ଺ݕ ൌ ܿଵ ൅ ܿଶݔ଺ ൅ ܿଷݕ଺ ൅ ܿସݔ଺ଶ ൅ ܿହݔ଺ݕ଺ ൅ܿ଺ ଺ଶݕ
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,ସݔ ସݕ

,ହݔ ,଺ݔହݕ ଺ݕ

NPTEL



e

1

2

3
௘ݑ ,ݔ ݕ ൌ ܿଵ ൅ ܿଶݔ ൅ ܿଷݕ ൅ ܿସݔଶ ൅ ܿହݕݔ ൅ܿ଺ ଶݕ
Polynomial approximation

Interpolation
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Shape Function For 6-Node Triangle
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1 ହݔ ହݕ ହଶݔ ହݕହݔ ହଶݕ
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ܿଵ
ܿଶ
ܿଷ
ܿସ
ܿହ
ܿ଺

ൌ

ଵ௘ݑ

ଶ௘ݑ

ଷ௘ݑ

ସ௘ݑ

ହ௘ݑ

଺௘ݑ

Algebraically very tedious

NPTEL



,ଵݔ ଵ1ݕ

2

3

ݕ

ݔ

߶௜ ,ݔ ݕ ൌ
1
ܣ2 ௜ߙ ൅ ݔ௜ߚ ൅ ݕ௜ߛ

Recall: Shape Function For 3-Node Triangle

௜ߙ ൌ ௞ݕ௝ݔ െ ௝ݕ௞ݔ

௜ߚ ൌ ௝ݕ െ ௞ݕ

௜ߛ ൌ െ ௝ݔ െ ௞ݔ

݅ ് ݆ ് ݇
݅, ݆	and	݇	permute	in	
a	natural	order

,ଶݔ ଶݕ

,ଷݔ ଷݕ

,ݔ ݕ
P
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Recall: Shape Function For 3-Node Triangle
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ଵߛ ൌ െ ଶݔ െ ଷݔ
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Recall: Shape Function For 3-Node Triangle
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ܣ2

ݔ ݕ 1
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Recall: Shape Function For 3-Node Triangle

,ଶݔ ଶݕ

,ଷݔ ଷݕ

,ݔ ݕ

ଵܣ ൌ
1
2

ݔ ݕ 1
ଶݔ ଶݕ 1
ଷݔ ଷݕ 1

⟹ ߶ଵ ,ݔ ݕ ൌ

1
2

ݔ ݕ 1
ଶݔ ଶݕ 1
ଷݔ ଷݕ 1

ܣ

1A

⟹߶ଵ ,ݔ ݕ ൌ
ଵܣ
ܣ

߶ଵ ,ݔ ݕ ൌ
1
ܣ2

ݔ ݕ 1
ଶݔ ଶݕ 1
ଷݔ ଷݕ 1
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Recall: Shape Function For 3-Node Triangle

,ଶݔ ଶݕ

,ଷݔ ଷݕ

1A

3A2A P

߶ଵ ൌ
ଵܣ
ܣ

߶ଶ ൌ
ଶܣ
ܣ

Similarly

߶ଷ ൌ
ଷܣ
NPTELܣ
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Recall: Shape Function For 3-Node Triangle

,ଶݔ ଶݕ

,ଷݔ ଷݕ

1A

3A2A P

ଵܮ ൌ
ଵܣ
ܣ

ଶܮ ൌ
ଶܣ
ܣ

Similarly

ଷܮ ൌ
ଷܣ
ܣ

L1, L2 and L3 are called area coordinates
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Area Coordinates

ଵܮ ൌ
ଵܣ
ܣ

1

3

1A

3A
2A P

ݏ

݄ ܾ
ൌ
2/ݏܾ
ܾ݄/2

ൌ
ݏ
݄

1

2

3

P

ݏ ൌ 0, ଵܮ ൌ 0

ଵܮ ൌ ݄/ݏ

ݏ ൌ ݄, ଵܮ ൌ 1
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ଵܮ ൌ 0

ଵܮ ൌ 0.5

ଵܮ ൌ 1

Area Coordinates for 6-Node Triangle

1ܮ
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Area Coordinates
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ݏ ൌ 1

ݏ
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Area Coordinates
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Area Coordinates
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4

5
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ݏ ൌ 0

ݏ ൌ
1
ݏ2 ൌ 1

ݏ

1

2

3

ݏ ൌ 0

ݏ ൌ 1

ݏ

1

2

3

4

8

9
ݏ ൌ 0

ݏ ൌ 1

ݏ

ݏ ൌ
1
3

5

6

7

ݏ ൌ
2
3

2 nodes per side  
(equally spaced) - linear
Total number of nodes 
2 + 1 = 3

3 nodes per side
(equally spaced) - quadratic
Total number of nodes 
= 3 + 2 + 1 = 6

4 nodes per side
(equally spaced) - cubic
Total number of nodes 
4 + 3 + 2 +1 = 10
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Area Coordinates

1

2

3 Higher order triangle with k nodes (equally spaced) 
per sides

݊ ൌ ෍ ݇ െ ݅
௞ିଵ

௜ୀ଴

ൌ ݇ ൅ ݇ െ 1 ൅⋯൅ 1 ൌ
1
2݇ ݇ ൅ 1
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Area Coordinates

1

2

3 Higher order triangle with k nodes (equally spaced) 
per sides

߶ଵ ൌ
ଵܮ െ ଴ݏ ଵܮ െ ଵݏ ଵܮ െ ଶݏ ⋯ ଵܮ െ ௞ିଶݏ
௞ିଵݏ െ ଴ݏ ௞ିଵݏ െ ଵݏ ⋯ ௞ିଵݏ െ ௞ିଶݏ
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Area Coordinates

1

2

3 Higher order triangle with k nodes (equally spaced) 
per sides

߶௜ ൌෑ ௝݂

௝݂
௜

௞ିଵ

௝ୀଵ

௝݂ are the functions of L1, L2 and L3.

௝݂
௜ is the value of ௝݂ at node i
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Recall: Interpolation function through area Coordinates

1

2

3 Higher order triangle with k nodes (equally spaced) 
per sides

߶௜ ൌෑ ௝݂

௝݂
௜

௞ିଵ

௝ୀଵ

௝݂ are the functions of L1, L2 and L3.

௝݂
௜ is the value of ௝݂ at node i

L1, L2 and L3 are called area coordinates
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Recall: Interpolation function through area Coordinates
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߶ଵ ൌ
ଵܮ െ ଴ݏ ଵܮ െ ଵݏ ଵܮ െ ଶݏ ⋯ ଵܮ െ ௞ିଶݏ
௞ିଵݏ െ ଴ݏ ௞ିଵݏ െ ଵݏ ⋯ ௞ିଵݏ െ ௞ିଶݏ

Recall: Interpolation function through area Coordinates

଴ݏ ൌ 0

ଵݏ ൌ
1

݇ െ 1
ଶݏ ൌ

2
݇ െ 1

௞ିଵݏ ൌ 1 ௞ିଶݏ ൌ
݇ െ 2
݇ െ 1

NPTEL



1

2

3

ଵߦ ൌ 0
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ଶߦ ൌ 0

ଶߦ ൌ 1

1ܮ

1

2
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ଷߦ ൌ 0

ଷߦ ൌ 1
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Interpolation function through area Coordinates
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݇ െ 1
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݇ െ 1

௞ିଵݏ ൌ 1 ௞ିଶݏ ൌ
݇ െ 2
݇ െ 1
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Interpolation function through area Coordinates
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Interpolation function through area Coordinates
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Interpolation function through area Coordinates: 3-node triangle
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Interpolation function through area Coordinates: 6-node triangle
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Interpolation function through area Coordinates: 6-node triangle
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Interpolation function through area Coordinates: 6-node triangle
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Interpolation function through area Coordinates: 6-node triangle

ଵߦ ൌ 0

ଵߦ ൌ 1

1

2

3

ଶߦ ൌ 1

ଶߦ ൌ 0

ଷߦ ൌ 0

ଷߦ ൌ 1

4

5

6

ଶߦ ൌ
1
2

ଷߦ ൌ
1
2

ଵߦ ൌ
1
2

૚ࡸ

૜ࡸ

૛ࡸ
NPTEL



Interpolation function through area Coordinates: 6-node triangle
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Interpolation function through area Coordinates: 6-node triangle
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Recall: Integration Over Triangular Domain

න ଵ௜ܮ ଶܮ
௝ ଷ௞݀Ω௘ܮ ൌ

݅! ݆! ݇!
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௘
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න ଵ௜ܮ ଶܮ
௝ ݏ݀ ൌ

݅! ݆!	
݅ ൅ ݆ ൅ 1 ! ሺܾ െ ܽሻ

௕

௔ NPTEL



Interpolation function through area Coordinates: 6-node triangle
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Interpolation function through area Coordinates: 6-node triangle

ଵߦ ൌ 0

ଵߦ ൌ 1

1

2

3

ଶߦ ൌ 1

ଶߦ ൌ 0

ଷߦ ൌ 0

ଷߦ ൌ 1

4

5

6

ଶߦ ൌ
1
2

ଷߦ ൌ
1
2

ଵߦ ൌ
1
2

૚ࡸ

૜ࡸ

૛ࡸ
NPTEL



Interpolation function through area Coordinates: 6-node triangle
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Interpolation function through area Coordinates: 6-node triangle
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Interpolation function through area Coordinates: 6-node triangle
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Interpolation function through area Coordinates: 6-node triangle
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Recall: Plane Elasticity and Element Equation

௘ܭ ௘ݑ ൌ ݂௘ ൅ ܳ௘ ௘ܭ ൌ න ݕ݀ݔ௘۰௘୘۱۰௘݀ݐ
ஐ೐

۰௘ ,ݔ ݕ ൌ

߲߶ଵ௘

ݔ߲ 0
߲߶ଶ௘

ݔ߲ 0 ⋯
߲߶௡௘

ݔ߲ 0

0
߲߶ଵ௘

ݕ߲ 0
߲߶ଶ௘
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ݕ߲
߲߶ଵ௘

ݕ߲
߲߶ଵ௘

ݔ߲
߲߶ଶ௘

ݕ߲
߲߶ଶ௘

ݔ߲ ⋯
߲߶௡௘

ݕ߲
߲߶௡௘
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Recall: Plane Elasticity and Element Equation
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Recall: Example of Plane Elasticity Problem
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Recall: Example of Plane Elasticity Problem
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Elasticity solution
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Recall: Plane Elasticity and Element Equation
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Recall: Isoparametric Formulation
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Recall: Example of Plane Elasticity Problem
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